(
) + ( ) r r r r is the Atwood number, r h and r l are the densities of heavier and lighter fluids, respectively, g is the interface acceleration, and h 0 is the initial amplitude. As the amplitude becomes large enough (kh ~ 1), the interface can be divided into the spikes of the heavier fluid penetrating into the lighter fluid and bubbles of the lighter fluid rising into the heavier fluid. The exponential growth of the bubble amplitude changes to the linear-in-time growth [3] [4] [5] [6] [7] [8] h ~ U b t, where U b is the bubble velocity. Such a transition is commonly referred to as a "nonlinear saturation," although, strictly speaking, only the bubble velocity saturates, not the amplitude. To describe the evolution of the perturbation after the saturation, two analytical approaches have been proposed in the past. [3] [4] [5] [6] [7] [8] The weakly nonlinear theories 5 (up to the third-order accuracy in kh) capture only the initial slowing down of the exponential growth. The other approach uses an expansion of the perturbation amplitudes and conservation equations near the tip of the bubble 3, 4, 7, 8 (or spike 8 ) up to the second or higher order in the transverse coordinate. In the past, the second approach has been applied only to the fluid-vacuum interfaces (A T = 1) 3,4,6-8 and has been shown to be in good agreement with numerical simulations and experimental data. In this article, the Layzer's theory will be extended to include finite density of the lighter fluid (A T £ 1). We also report an exact solution of conservation equations (valid at the tip of the bubble) in the form of a convergent Fourier series.
First, we consider two irrotational, incompressible, inviscid fluids in two-dimensional (2-D) geometry. The fluids are subject to an external acceleration g pointing from the heavier to the lighter fluid. The y axis is chosen in the direction of the density gradient. The velocity potential f in the absence of viscosity and thermal conduction obeys the Laplace equation 
In addition, the function f must satisfy the following jump conditions at the fluid interface y = h(x,t):
v v
where 
The function h 2 (t) is related to the bubble curvature R as R = -1/(2h 2 ). To satisfy boundary conditions (2)-(4) (six equations), we need six unknowns. Thus, in addition to the functions h 0 (t), h 2 (t), and f(t), the velocity potential must contain three unknowns. We write the velocity potential near the bubble tip in the following form:
The form of the light-fluid potential [Eq. (6)] will be verified later using the results of numerical simulations. Substituting Eqs. (5) and (6) into the boundary conditions (2)- (4) and expanding the latter near the bubble tip giveṡ˙, 
Equation (7) can be integrated directly. The result, assuming initial sinusoidal perturbation with amplitude h 0 (0), takes the form
Furthermore, substituting Eq. (9) into Eq. (8), the latter can be integrated to give an analytic expression for the bubble velocity. This expression is very lengthy, however, and will be reported elsewhere. In practice, one can easily calculate the bubble amplitude by solving the system (7)-(8) using, for example, the Mathematica software package. 9 Next, we obtained an asymptotic solution for the bubble velocity by taking the limit of t AE • in Eqs. (9) and (8). This gives
The last equation agrees with the prediction of the drag-buoyancy model. 6 Solution of Eq. (8) provides a continuous bubble evolution from the linear to the nonlinear regime, while the drag-buoyancy model calculates only the asymptotic behavior.
Next, we verify the choice of the velocity potential in the light fluid [Eq. (6) ] by comparing the velocity profiles obtained from Eq. (6) and full numerical simulation. For such purpose, we first calculate the coefficients b 1 and b 2 as functions of time: Applying the model to the Richtmyer-Meshkov (RM) instability, we take the limit of g AE 0 in Eq. (8) . The asymptotic bubble velocity in this case becomes
In his original paper, 4 Layzer takes only the first harmonic as a solution of the Laplace equation (1 
It can be shown, 3 however, that keeping the first two terms in the expansion and applying the boundary conditions up to the fourth order in x leads to an imaginary component in the solution for the asymptotic bubble velocity. To overcome this difficulty, Refs. 3 have suggested keeping the bubble curvature R as a free parameter of the problem, limiting the values of R by the convergence condition of series (13). We propose a different approach to construct an exact solution that is valid near the bubble tip. It can be shown that writing the velocity potential in the form . (16) The convergence of solution (14)- (15) Substituting the above expressions into Eqs. (2)- (4) and expanding the latter until the second order in x gives the evolution equations that can be obtained from Eqs. (7) and (8) by substituting h AE -h, A T AE -A T , and g AE -g. Taking the limit of t AE •, the asymptotic spike velocity becomes
The last formula agrees with the prediction of the dragbuoyancy model. 6 Simulations, however, show that the spike velocity for the interfaces with A T > 0.1 does not saturate to a constant value. Thus, to describe the spike in the nonlinear regime, the velocity potential must be modified to include evolution of the vortices. This is a subject of current research.
The procedure described above for the 2-D flow can be applied to analyze the bubble evolution in 3-D geometry. Taking the z axis in the direction of the density gradient and assuming cylindrical symmetry of the bubble, the velocity potential in the heavy and light fluids takes the form f 
The asymptotic bubble velocity and h 2 derived from the system (17)-(18) take the form
For the RM case (g = 0), the asymptotic bubble velocity The results of the model agree very well with the numerical simulations and predictions of the drag-buoyancy model. 6 
